A pointwise condition for an infinitely differentiable function of several variables to be a polynomial  by Boghossian, Artin B & Johnson, Peter D
JOURNAL OF MATHEMATICAL ANALYSIS AND APPLICATIONS 151, 17-19 (1990) 
A Pointwise Condition for an 
Infinitely Differentiable Function 
of Several Variables to Be a Polynomial 
ARTIN B. BOGHOSSIAN* 
Department of Mathematical Sciences, 
King Fahd University of Petroleum and Minerals, 
Dhahran 31261, Saudi Arabia 
AND 
PETER D. JOHNSON. JR. 
Department of Algebra, Combinatorics and Analysis, 
120 Math. Annex, Auburn University, Auburn, Alabama 36849 
Submitted by R. P. Boas 
Received November 14, 1988 
In 1954, E. Corominas and F. Sunyer Balaguer published [2] a proof of 
the following beautiful theorem. 
THEOREM 1. Suppose f E Cm(Z), where Z is a real interval. Suppose that, 
for each x E Z, there is a non-negative integer n = n(x) such that f (“j(x) = 0. 
Then f is a polynomial. 
In [l] we proved the following unsatisfactory generalization of 
Theorem 1. 
THEOREM 2. Suppose that D is a connected, open subset of R”, and 
f E Cm(D). Suppose that, for each x E D, there is a non-negative integer 
m = m(x) such that f”(x) = 0 for all multi-indices CI = (u,, . . . . a,) satisfying 
Ial =a, + . . . + a, 2 m. Then f is a polynomial. 
(Here, f” stands for the partial derivative PJ/~x~~ . . - 8x2.) 
The unsatisfactory part of this theorem is the requirement that f “(x) = 0 
for all a with ltll am(x). We conjectured that the assertion resulting from 
the replacement of (~1 2 m by (~11 = m is true. It is not hard to see [ 1, 
Theorem 2.31 that this stronger assertion does hold when f is required to 
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be real analytic, but in attempting to follow the path marked by 
Corominas and Sunyer Balaguer, with f merely infinitely differentiable, we 
encountered seemingly insurmountable difficulties. 
Now we find that a somewhat stronger theorem than that conjectured 
can be proven, thanks to a remarkable result of Richard Palais [3]. If 
Z i, . . . . Z, are real intervals, and f is a real-valued function on the cell 
I, x ... x I,, we say that f is separately polynomial in each variable if, 
whenever n - 1 of the variables of which f is a function are fixed, the 
resulting function of one variable (defined on one of the Zj) is a polynomial 
function. The following is a special case of the theorem in Section 5 of [3]. 
THEOREM 3. Suppose that Z and J are real intervals, and that f: Z x J -+ R 
is separately polynomial in each variable. Then f is a polynomial function. 
The proof in [3] is for Z= J= [w, but it is trivial to adjust the proof to 
suit the circumstances. Indeed, the theorem above holds with [w replaced by 
any uncountable field, and with Z and J replaced by any uncountable 
subsets of that field. 
We need something a bit stronger than Theorem 3. 
THEOREM 3’. Suppose that I,, . . . . Z,, are real intervals, n 2 2, and that 
f:Z,x '.. x Z, -+ R is separately polynomial in each variable. Then f is a 
polynomial function. 
The proof of Theorem 3’ is fairly straightforward, by induction on n, not, 
unfortunately, from Theorem 3, but from Palais’ proof of Theorem 3. To 
give a completely self-contained proof here would involve introducing a 
good deal of the terminology and machinery developed in [3]. We prefer 
to give an indication of the proof, with reference to Sections 3, 4, and 5 of 
[3]. If the reader refers to those sections, he or she will find that the 
following sidesteps the one and only difficulty in the proof. 
Suppose that f and I,, . . . . Z,, satisfy the hypothesis of Theorem 3’. If the 
value of one of the variables xi, . . . . x, is fixed, the resulting function of 
n - 1 variables is clearly separately polynomial in each variable. Thus, if 
n>2, for each x,EZ,, (xi ,..., x,-i) + f(x,, . . . . x,_ i, x,) is a polynomial 
function of xi, . . . . x,-i, by Theorem 3 and the induction hypothesis. It is 
now straightforward to prove the desired analogue of the theorem in 
Section4 of [3]; replace KxKthere by (Z,x ... xZ,_,)xZ,. The x,in the 
proof will be members of I, x . . . x I,- i, and the y will be members of 
some infinite subset Y of Z,. 
In the theorem in Section 5, again replace K x K by (Zi x . . . x Z, _ I ) x Z,, 
and in the proof, replace V, by the set of polynomials in xi, . . . . x,~ I 
of degree cd, and Yd by {y~l,,; the function (xi ,..., x,-,)+ 
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f(x r, . . . . x, ~ 1, y) lies in V,}. Since V, is finite dimensional, the proof goes 
through without a hitch, and Theorem 3’ is established. 
Now we can settle the conjecture mentioned earlier. 
THEOREM 4. Suppose that D is a connected, open subset of R”, and 
f E Coo(D). Suppose that, for each y E D, there are non-negative integers 
m, = mi( y), i = 1, . . . . n, such that 
E;(Y)=09 i=l n. 9 ..., 
I 
Then f is a polynomial. 
Proof Suppose that I,, . . . . Z,, are real intervals such that I, x . . . x Z,, c D. 
For each i E { 1, . . . . n}, if we fix values xi E Zj, Z # i, Jo { 1, . . . . n}, the resulting 
function xi + f(xr , . . . . x,) on Zi satisfies the hypothesis of Theorem 1 (with, 
for each X,E Ii, the integer n(x,) there replaced by m,(x,, . . . . x,) here). 
Thus, by Theorem 1, f is separately polynomial on I, x . .. x I,,. Therefore, 
by Theorem 3’, f is polynomial on I, x . . x Z,. 
Since II, . . . . Z, were arbitrary, it follows that f is real analytic on D. Since 
f is a polynomial on some open subset of D, it now follows that f is a 
polynomial. 
Theorem 4 can be improved-see Theorem 1.3 of [l ]-but only at the 
cost of complicating its statement. We are content to let the matter rest. 
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